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Maxwell’s Equations Have Withstood the Test of Time 


Valid over vast length scales. 

Valid in special relativity. 

Valid in quantum theory. 

Inspired Yang-Mills theory via differential geometry. 


Quote of Oliver Heaviside [P.J. Nahin] 

“A part of us lives after us, diffused through all humanity--more or less--and through 
all nature. This is the immortality of the soul. There are large souls and small souls. 
The immoral soul of the ‘Scienticulists’ is a small affair, scarcely visible. Indeed its 
existence has been doubted. That of a Shakespeare or Newton is stupendously 
big. Such men live the bigger part of their lives after they are dead. Maxwell is one 
of these men. His soul will live and grow for long to come, and hundreds of 
years hence will shine as one of the bright stars of the past, whose light takes 
ages to reach us." 
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Maxwell’s Equations are Valid both tn 
Classical Physics and Quantum Physics 


Classical Quantum 
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Mendel and Wolf: Quantum Optics 
QED validated to 1 part in a trillion 
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A Lone Simple Harmonic Oscillator 


e Classical picture: ma za(t) = —Kaq(t) = 


g(t) = by cos(Qt) + be sin(Mt) p(t) = m q(t). 


= ,/K/m p(t) = —mQb, sin(OQt) + mObe cos(Nt) 
p(t), q(t) Momentum and position suffice to define the state of a particle. 
e Quantum picture: Schrodinger equation: 
A state function is needed to define the state of a particle. 
Wn! q. t) = n! q g h* or 
ee (a HVO) VONAR) Via) = pm 
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Potential energy 
of form 
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Hamiltonian Mechanics Made Simple 


j^ (t) 1 





e Hamiltonian- Total Energy H =T+V =~ + 5xq°(t) 
TTL 2 

e Hamiltonian does not change 6H = c CP + c La = () 

with time: == "a 
! | a ðq OH dp OH 

© u Sse SO ee 
Hamilton equations of motion p^ s F 5g 

e Equations of motion for Simple Harmonic Oscillator: 


ðq p Op d D 
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Quantum Mechanics from Hamiltonian Mechanics 


e Canonical quantization: 


p P 
— E / —V( V. V(5 
434, pP T-5_-f-_., L Vig) >I V(q) 


H=T+V3H=T4+V = Îi) = ihah) 
Schrodinger equation: 
e Commutation relation: 


ð 
|q. p| = dp — pj — ihl = p — -ih z3 


ip, d^] — —inq"- ih mum) [p,d"] 2 —inq" !h — —ih ($i j — p = -ih 


(lâl) = v! -q- v 
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Schrodinger Picture vs Heisenberg Picture 


e Solution to Schródinger equation: » 
Alb) =ihd,|\p) =  |v(t) —e * o) 


H. V — ho,» Er» a (t) = e aH . Wo 
e Expectation value of an operator: 
(O) = (W(t)|O|d(t)) = (voje& P *Ó e-*P*luo) — (wolOn (t)|vo) Wo - On(t)- vo 


e Operators in Heisenberg and Schrodinger pictures: 
Óg (t) 2 exPtÓge- $t 


e Equation of motion for operator in Heisenberg picture: 





On (0) _ (HOn = Ôn A) = d Å, Ôn | 
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Quantum Hamiltonian Mechanics 


e Quantum equations of motion: 


,] -ih Hi à) 4. H = in hG, à) 
p| = aA] 


e Quantum Hamilton equations of motion: 
0g _OH(p.4) OP __OH(.4) 


ðt Op Ot — Og 
Og ) Op i 
ot m öt 


e Solving the above yields: 


g(t) = by cos(Qt) + by sin(Mt), P(t) = — mb, sin(Mt) + mMz cos(Qt) 
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Quantum Picture vs Classical Picture 


e Elucidate their striking similarities: 


Classical Hamiltonian Quantum Hamiltonian 
H (pj. qj) H(p;.4;), (dj, Pr] = thd jx] 
H (55, d;)|v) — ihà;|v) 
Classical Equations of Motion 
0q; ƏH Op; OH 


Ot Op; Ot ðq 


Quantum Equations of Motion 


0d; 0H Oh, _ 
0t Op öt 
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Maxwell’s Equations—Coupled Harmonic Oscillators 


e Maxwells equations represent an infinite set of 
coupled harmonic oscillators. 


e Discrete coupled harmonic oscillators: 





l 


He = >» (o T 2. lgj (t)K jiqi ol 
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Classical Equations of Motion from Hamiltonian 


e Hamilton equations (energy conservation): 


Oq; OH Op, Of 
Ot Op, Ot . Oq; 
e Equations of motion for discrete coupled harmonic 
oscillators: 
Og;(t 2 il 











O^q; (t) — b ; 
3 E -2 ,Kig;(t) M H c E T. E= — v^ P(r, t) 


e Equations of motion for continuum coupled harmonic 
oscillators are obtained by the maps: 


icr, q(t) (rt), AO = 2. Kuyt ) — T(r, t) = V (r,t) 
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Coupled Quantum Harmonic Oscillators 


e Discrete coupled quantum harmonic oscillators: 


— — 
Hs =3)_ rc )+ 2. [qj (t) Kjiqi(t) jpop s E D * Kuq;(t) 





di > qi; Di fi 


Hs = ide th+ > (a(t) idi (t)] pum H v) = tho, |) 


i j 


a f ð a 
idi (t) D; (t)| = ihló;; DE — thd sir ET Ha — ihü,p (t) 
ae ' H s = ihó;; 2 H d iho,Q di (t ) 


e From quantum Hamilton equations of motion: 


Oqt) — . y = t) 
5 — pitt). 2 =~ Kutt 





- m 5-2 Kuh (t) 
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Procedure for Quantization Is Now Clear 


Derive the classical equations of motion: 
V x V x A(r,t) — V(V - A(r,t)) + 7 A(r, t) = Jn (r, t) 


Derive the classical Hamiltonian: 
Ha= - J dr | (T4 (r, ¢))? + (V x A(r,t))? + (V - Alr, t))}? — 2A(r, t) - Jexe(r,t)| 


Identify the conjugate variables and elevate them to 


quantum operators: i 
HA4(r,t) 2 &A(r,t) 2 Ha(rt) ^ A(r.t) 5 Á(r.£) 


Derive commutator: T(r, t), A(r', t — ihà(r — ^l 
Derive the quantum equations of motion: 


V x H(r,t) — &D(r,t) = Jext(r, t), V x K(r, — t) 
V.D(r.f)—-éó4(rt) X V.B(rt)— 


No need for mode decomposition. 
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Mode Decomposition Picture 


e Vector potential case: 
A(r,t) = a(t) Ag (r) OF a4, (t) = -Nka (t) 
V xp (r): V x Ag(r) — El) -V(x (2)V - (r) - Ag(r)) — OFE(r) - Ar(r)=0 
e [he Hamiltonian becomes: 
Hy = 5 [aol + +1Qca(t)?] —-Pr,a(t)=Aax(t), — Qu,a(t) = ax(t)% 
e Scalar potential case: 
P(r, t) = s,(t)d,(r) OF s(t) = —OZsz(t) 


V- E- V(r) + Q y(r Dkr) = 
e The Hamiltonian becomes: 
ew e [IP (OP - 1Qx.s (DI?] Py o(t)=%se(t), — Qua(t) — s. (t) 
e [he total Hamiltonian becomes: 
H — H4 — Ha 
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Circuit View of Mode Decomposition Picture 


e Each mode is a simple harmonic oscillator: 
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Green’s Function 


e [he classical case: 


Vx? (r)-V x A(r,t) —e(r)-V (x! (r)V - e(r)- A(r, t)) — Oze(r) : A(r, f) = Jexc(r, t) 
A(r,t) = | aTe, t) ® Sexe (r,t) 


e [he quantum case: 


A(r, t) -— / drG(r, r. t) Gb Jar, t) 


e [he same Greens function is used for both cases. 
e One major difference: 


A. --iS a scalar number. 


V xpn-(r)- V x ÁA(r,t) —&(r)- V (x^ (r)V -e(r) - A(r,t)) t G?e(r) - A(r,t) = Jext(r, t) 


A,|w) -is an infinite dimensional number. 
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Maxwell-Schrodinger System (C. Ryu) 


Electromagnetics Equations’ Schródinger Equation 
2 


Ó 
V i eV o = € zu; = — pq 











E 82 PEN 0 1 h ; 
-Vxuüu WV xX A eG A+ Vey ^u NV -eA — —J, hay = 2E (Av - 0A) Vy 
O pq 
M I EE = 
e Stable in low frequency > Suitable for this e Charged particle under an EM 


system. radiation. 


e Avoids the extra step of calculating the 
potentials from the fields. 


Particle Current 


S. Ohnuki of Japan J -41| 2 i — -A| | 

T. Rozzi of Italy "o 2|[i om n ' 
* Movement of the particle 

generates an electric current term. 





*W. C. Chew, "Vector potential electromagnetics with generalized gauge for inhomogeneous media: Formulation," Prog. Electromagn. 
Res., vol. 149, pp. 69-84, 2014. 
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Simulation of an Artificial Atom (C. Ryu) 
Simulation of a Coherent State 





PML Region 
Scattered Field Region 3 x10? $ Expected State Distribution 
Total Field Region Poisson Distribution E,71.6844 
Artificial Atom 2 id 
0.3 
n 0.25 
. E £ 0.2 
Plane Wave Electron S 0.15 
0.5 = 
0.1 
M" 0 0.05 
? 0 5 10 15 0 0 2 4 6 8 
y [m] «o? n 
The artificial atom forms a dipole when | " HUN n 


excited by a plane wave. It generates an 
electric current density as shown below. 


x101 


Intensity (arb. units) 





t [s] x10714 
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Conclusions 


e Give a lucid picture of quantum electromagnetics. 


e The physics of electromagnetic oscillation stems from the physics 
of a simple harmonic oscillator. 


e This lucid picture allows us to harness this technology 
better. 


e Quantum Hamilton equations are used to derive quantum 
electromagnetic equations. 


e [he mode decomposition picture can be avoided. 


The use of Green's function is still omni-present in quantum 
electromagnetics. 


e Computational electromagnetics (CEM) will become increasingly 
more important in quantum electromagnetics. 


e [his area portends well for the understanding of quantum 
information, communications, computing, cryptography. 


e It has potential in low energy electromagnetics. 
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Thank you for your attention! 


“Mathematics is the Mother of Science,” 


“Science is the Father of Technology,” 


“Technology is the Gift of God!” (Dyson) 


“Scientists investigate that which already is; 
Engineers create that which has never been.” 
Albert Einstein 
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